We study representations of the enveloping algebra of a Lie group G which are induced by representations of a Lie subgroup H, assuming that G=H is reductive. Such representations describe the superselection sectors of a quantum particle moving on G=H. It is found that the representatives of both the generators and the quadratic Casimir operators of G have a natural geometric realization in terms of the canonical connection on the principal H-bundle G. The explicit expression for the generators can be understood from the point of view of conservation laws and moment maps in classical eld theory and classical particle mechanics on G=H. The emergence of classical geometric structures in the quantum-mechanical situation is explained by a detailed study of the domain and possible self-adjointness properties of the relevant operators. A new and practical criterion for essential self-adjointness in general unitary representations is given.
Introduction
Finite-dimensional homogeneous con guration spaces Q = G=H, where G and H G are Lie groups, are worthy of study in their own right, classically as well as quantum-mechanically; moreover, such spaces may serve as caricatures of interesting eld theories, some of whose (topological) features they may re ect in a tractable context, where one does not have to worry about the subtleties of an in nite number of degrees of freedom. For example, the con guration space of a (classical) gauge theory may be taken to be the space of orbits Q = A=H, where A is the space of gauge elds on a manifold M, and H is the group of local gauge transformations, acting on A in the usual way: this situation is to some extent modeled by Q = G=H (ignoring the fact that here G is a group). More directly, Q may be regarded as a one-dimensional -model with homogeneous target space.
A closely related goal is to understand the emergence of gauge elds in algebraic quantum mechanics and quantum eld theory, where one starts with an algebra of observables A, in which the gauge elds and and the charged (matter) elds themselves are obviously invisible. The role of charged matter elds as intertwining operators between various representations of A is by now well understood in theories with global symmetries 7], but local gauge theories have de ed a full understanding so far. Therefore, any example in which gauge elds emerge in connection with the representation theory of an algebra of observables should be welcome. As we shall see, particle motion on G=H provides a whole class of such examples.
The quantization theory of a particle moving on an arbitrary homogeneous manifold Q = G=H was initiated by Mackey 23] , who replaced the canonical commutation relations as the basic object of study by systems of imprimitivity, and showed that such systems admit (unitarily) inequivalent representations, labeled by the dual H of H (that is, the set of equivalence classes of irreducible unitary representations of H). This work was extended in various directions in 5, 12] ; it should be mentioned, that the idea that a given classical system may admit a family of inequivalent quantizations was independently arrived at in the context of geometric quantization 28] .
In 19, 20] Mackey's approach was reformulated so as to t into the algebraic theory of superselection sectors 11]. This reformulation is based on results of Glimm 9] , who showed that Mackey's transitive system of imprimitivity over Q, which is formulated in terms of a unitary representation of G on a given Hilbert space H, tied up with a projection-valued measure on Q, is equivalent to a (generically non-faithful) representation of the transformation group C -algebra A =C (G; Q). Taking A to be the algebra of observables of the system, which is appropriate since it contains all algebraic information about the position and momentum observables of the particle, one may then interpret the inequivalent representations of A as superselection sectors of the particle, or, equivalently, as inequivalent quantizations.
A given sector is, accordingly, labeled by a class 2Ĥ, and the corresponding representation of A is conveniently realized on a Hilbert space H of sections of the homogeneous vector bundle E = G H H over Q (cf. section 2 for de nitions and notation). This Hilbert space carries a unitary representation (G), closely related to (A), which is just the one induced by (H), where is an arbitrary element of the class (this geometric realization of induced representations of Lie groups is due to Bott (cf. 32, 33] ). In addition, H carries a representation of C 0 (Q) by multiplication operators, which together with (G) completely determines (A), and vice versa. This set-up, along with its quantum-mechanical signi cance, is explained in detail in 20], and in 21] it is shown through examples that several known topological quantum e ects can be rigorously understood in these terms, topological quantum numbers and topologically quantized coupling constants generically corresponding to elements ofĤ. We note, that the usual quantization on L 2 (Q) is just the one induced by the trivial representation of H. The nicest feature of this approach to quantization is that it provides an explicit, geometric expression for the Hamiltonian in the non-trivially induced representations (sectors). One can look at the quantum Hamiltonian H either as an operator implementing a given one-parameter automorphism group on A in the sector , or as the`quantization' d (H) of some classical Hamiltonian H; the time-evolution that we will study is the one that, in the former description, is the one that in the trivially induced representation is implemented by (minus) the Laplacian on L 2 (Q), and in the latter description corresponds to the symbol of the Laplacian. In any case, it was found in examples 21] , and later in the more general case that G is compact 22] , that H is a gauge-covariant Laplacian on E with respect to a background gauge eld of a known type (the canonical (or reductive) connection on G 16, 17] ). In other words, in the non-trivial superselection sectors the particle behaves as if it were moving in a ctitious external Yang-Mills eld (relative to the gauge group H).
The aim of the present paper is to give a detailed and mathematically rigorous exposition of a circle of ideas generalizing this observation rstly to more general cosets (viz. reductive ones, with no compactness conditions), and secondly to a larger class of elements of the enveloping algebra of G (in the situation described above the Hamiltonian is the representative of the second-order Casimir operator of G). More speci cally, we will analyze the role played by gauge elds in the theory of induced representations of Lie groups: as such, our results can be understood, without reference to quantum mechanics, as a possible contribution to the study of geometric structures arising in representation theory. However, we shall see that certain expressions, which from a purely mathematical point of view are rather bizarre, have a natural physical interpretation in terms of classical conservation laws in eld theory as well as in particle mechanics. The illustrates the fact, wellknown in the context of geometric quantization, that classical mechanics, quantum mechanics, and representation theory go hand in hand, and will continue to shed light on each other.
Our starting point is the above-mentioned realization of a given induced rep-
?sections of a homogeneous vector bundle E over Q. Our main concern is to study the associated representation d of the enveloping algebra U(g), concentrating on its rst-and second-order elements. In any case, U(g) is represented by unbounded operators, so we have to address problems of domains and (essential) self-adjointness of the relevant opera-tors. These problems are fairly straightforward, but since their treatment requires some functional-analytic tools (as opposed to the geometric ones used in the main body of the paper) we have deferred this discussion to the Appendix. For the benet of those interested in the results only, and to keep matters transparent, we have written the Appendix in the lemma-theorem format.
The results are satisfactory, in that they justify the use of the di erentialgeometric machinery in the following sense: representatives id (X) of the Lie algebra g, as well as of central (and several other) elements in U(g), are essentially self-adjoint on the domain ? c of compactly supported smooth sections. More generally, the naive expression for a representative of U(g) as a di erential operator on E has the same closure as the corresponding operator de ned on the G arding domain, so that we can consistently de ne all unbounded operators of interest as naive di erential operators. We also give an expression for their closure: this implies that we explicitly know the domain of self-adjointness of operators which are essentially self-adjoint on ? c . These results eventually follow from a theorem of Thomas 31] . We also prove another useful result, which states that the (essential) self-adjointness of any d (X), X 2 U(g), in a reducible unitary representation (G) of a type I Lie group G, is equivalent to its (essential) self-adjointness in all subrepresentations of . This criterion is particularly convenient for induced representations, where the subrepresentations are easily determined from Frobenius reciprocity: a number of the known criteria guaranteeing essential self-adjointness on the G arding domain 14] are recovered in this way, with the added bene t that we can work on the domain ? c .
Feeling secure that we can work in a smooth (rather than an L 2 ) context, we start section 2 with a quick summary of invariant metrics and connections on homogeneous spaces (a subject exhaustively treated in 17]), followed by an equally short review of induced representations realized on vector bundles. We then derive expressions for the representative d (X) of an arbitrary element X in the Lie algebra g, and for generic second-order Casimir operators in U(g). One term in the former is easily understood (it is the covariant derivative, relative to the canonical connection, in the direction of the Killing vector eld de ned by X), but there is a curious additional term, which has no straightforward geometric interpretation. To understand this extra term, we rstly analyze the classical eld theory corresponding to the quantum particle (that is, we interpret the Schr odinger wave function, which here takes values in the carrier space H of (H), as a classical eld), and show (inspired by the work of Jackiw and Manton 13] ) that the extra term is precisely the additional contribution to the conserved charge associated to X caused by the presence of the external gauge eld.
Secondly, we explain how the extra term in d (X) has a classical analogue in particle mechanics, where once again it can be understood as an additional term in a conserved quantity (here given by the momentum map of X) necessitated by the gauge eld. We use (and brie y summarize) the symplectic formalism developed by Sternberg et.al. 29, 34, 10] to construct the phase space of a classical particle with a Yang-Mills charge, and see explicitly how the additional contribution arises in the momentum map in the charged sector. These considerations lead to the intriguing idea, that a particle on G=H not only admits inequivalent quantizations, but has a family of distinct`classicalizations' as well. The parallel with the quantum case goes quite far, its main feature being the role played by Yang-Mills elds in either case. In this paper we will not go beyond drawing the analogies, leaving further work in this direction to the future. Let p : G ! Q be the canonical projection (i.e., px = xq 0 for x 2 G), and let s : Q U ! G be a local section (that is, p s = id), such that q 0 2 U. Assuming that the basis fT g has been chosen (quasi-) orthonormal with respect to g 0 , we can de ne a vielbein fe g by giving its value in q as (e ) q = L 0 s(q) (T ) q 0 (here L x denotes the left-action of x 2 G on Q, and L 0 is the push-forward of any map L between two manifolds. We denote the pull-back by L ). This implies g(e ; e ) = , where is diagonal with entries 1, depending on the signature of g 0 . The vielbein is related to the Killing vector elds by (K a ) q = co (s(q)) a (e ) q ; (e ) q = co (s(q) ?1 
The metric on Q de nes an invariant measure called dq, which is necessarily the unique (up to a constant scale) quasi-G-invariant measure on Q 33]. Also, is de-nes an embedding of H into the isometry group SO(n; m) of g 0 (with n+m = d Q ).
This ends the list of assumptions. The existence of a reductive decomposition and of an invariant metric is guaranteed if H is compact 17]. It should be pointed out that neither of these structures is necessarily unique. As will become clear shortly, the gauge eld in the Hamiltonian and in the generalized momentum operators actually depends on the precise choice of the (arbitrary) reductive decomposition. The point is that dependence is irrelevant up to unitary equivalence: di erent choices of the various geometric structures (and this even goes as far as the signature of the metric on Q) give rise to di erent realizations of the induced representation d of U(g) (and, therefore of the full algebra of observables C (G; Q)) which are related by a unitary transformation. In this sense, the geometry is just an auxiliary tool, subordinate to the (analytic) representation-theoretic aspects of the problem.
In what follows, we make two further, inessential assumptions which simplify the formulae somewhat. We will assume that H is compact (hence unimodular), and that G is unimodular. Hence we can choose g to be positive-de nite, leading to an embedding of H into SO(d Q ). Furthermore, the measure dq is now G-invariant. One can easily rewrite the formulae below so as to t the general case, by inserting the appropriate Radon-Nikodym derivatives that appear in induced representations in the quasi-invariant case 33], and by replacing SO(d Q ) by SO(n; m). We will discuss representations (G) which are induced from irreducible unitary representations (H). The latter is nite-dimensional for compact H; the generalization of the results below to non-compact H is non-trivial in case that is in nite-dimensional. One then has to restrict the space ? c of compactly supported smooth sections of the vector bundle E (cf. subsection 2.2 below) to those sections taking values in the domain of the representation d of the enveloping algebra U(h).
Invariant connections on homogeneous bundles over Q We will employ two principal bre bundles over Q. The general scheme is
That is, P is a bundle over Q = G=H with gauge group K (acting from the right) and another group G acting on P from the left. (We use the symbol p for the projection of P onto Q, generically denoting a representation.) We denote this situation by P(Q; K; G). The two cases of interest to us are the bundle of orthonormal frames O(Q; SO(d Q ); G), with the left-action of G on a frame given by the push-forward of the G-action on Q, and the H-structure G(Q; H; G), with the natural left-and right-action of G and H on G, respectively 16] . The bundle G is a sub-bundle of O, a point x 2 G corresponding to the vielbein frame in xq 0 2 Q de ned in item 3 above, relative to a section satisfying s(xq 0 ) = x. Now take the xed point e 2 P (here e is the identity of G); for P = O this is de ned via the embedding of G in O. De ne a map : H ! K by = id for P = G, and = is for P = O. The derived Lie algebra map is called d : h ! k. Invariant connections on P are in 1-1 correspondence with maps : g ! k, which coincide with d when restricted to h, and satisfy the intertwiner relation
for all Y 2 g (in the right-hand side ad of course refers to K). With Y e denoting the vector corresponding to Y 2 g relative to the left-action of G on P, and Z e the vertical vector de ned by Z 2 k via the right-action of K on P, (cf. item 2 above), the k-valued one-form A de ned in T e P by < A; Y e >= (Y ) and < A; Z e >= Z, and in other points of p either by vertical translation by K, or translation by G, is well-de ned, and de nes a connection because of (2. 
Induced representations and gauge elds
Realization on sections of vector bundles Given a representation (H) on a nite-dimensional Hilbert space H , one can form the vector bundle E = G H H associated to G; its base space is Q, and its bers are isomorphic to H , which is identi ed with the ber p ?1 (q 0 ) (p being the projection of E onto Q). Points of E are equivalence classes x; ] ( 2 H ) under the equivalence relation (x; ) (xy ?1 ; (y) ). Then G acts on E by y x; ] = yx; ], and therefore it also acts on ? c (the space of smooth crosssections of E with compact support) by means of ( (y) )(q) = (y ?1 q); one can close ? c in the natural inner product (coming from the invariant measure dq on Q) 32, 33 ] to obtain a Hilbert space H , on which the induced representation acts as above, extended to all of H by continuity. It is convenient to realize the cross-sections as functions : G ! H which are H-equivariant, i.e., satisfy (xh) = (h ?1 ) (x) for all x 2 G and h 2 H. In this realization 32, 33] ( (y) )(x) = (y ?1 x): (2.5) Being in ? c then means having compact support on G up to H-translations, that is, the projection of the support onto Q is compact; for H compact this is equivalent to compact support on G.
We wish to study the derived representation d of the enveloping algebra U(g) on H . As shown in the Appendix, this is simply given on the domain ? c H by 
The rst term is geometrically nice, but the second one looks odd. It will be interpreted in section 3. The representation (2.7) of the Lie algebra of G, in conjunction with the representation of C 0 (Q) by multiplication operators on H , completely determine the associated representation of the algebra of observables A = C (G; Q)
of the quantum particle moving on Q = G=H 19, 20, 22] .
The Hamiltonian (or second-order Casimir operator)
We wish to nd an expression for d (C 2 (H) being irreducible, the second term is a constant. The left-hand side is the Hamiltonian H in the superselection sector (that is, the self-adjoint operator implementing time-evolution in the irreducible representation of the algebra of observables A = C (G; Q) of a particle moving on Q = G=H) 19, 20, 21, 22 ] so that we have found a geometric expression for the Hamiltonian. By the results of the Appendix, H is essentially self-adjoint on the domain ? c H of compactly supported smooth sections of E , and, strictly speaking its closure de nes the Hamiltonian. In the trivially induced sector (where is the identity representation of H) one evidently obtains the well-known result that the Hamiltonian is minus the ordinary Laplacian. To close this section, we wish to make some bibliographical comments concerning (2.17) and its derivation. In the physics literature, this formula appears (in the form (2.18)) in 22] under the restriction that G (and H) are compact; the main steps in its original, non-geometric derivation, using harmonic analysis on H , are due to Strathdee 30] is the bundle of harmonic forms of type (0; q) on the complex manifold G=K) to the Laplacian associated to the anti-holomorphic exterior derivative @. This result does not (explicitly) involve a connection on G, and the relation to (2.17) is not clear to us. The canonical connection A H on G appears in papers in which the discrete series is realized on spaces of sections of spin bundles over G=K, tensored with a given E 26, 1, 27, 3]. Parthasarathy 26] relates the Casimir operator on such sections to the square of the Dirac operator in the background eld A H , using geometric techniques that partly inspired the derivation of (2.17) above; the intermediate step (2.12) appears (without derivation) in the work of Slebarski 27] , which contains (2.7) as well. Finally, the rst term in (2.7) for A = A H was found in 6].
3 Induced representations and classical conservation laws
As we have seen (also cf. 20, 21, 22]), a particle on Q = G=H quantized in the superselection sector acquires an internal degree of freedom, namely H , and its conserved`momenta' J a (cf. (2.19)) contain additional terms as compared to the usual trivially induced case =id. As we will now show, these extra terms can be understood classically in two quite di erent ways. Substituting (3.11) into (3.5), we see that the Noether charge densities J a as de ned in (3.4) coincide with the generalized momenta J a in the superselection sector , as determined by induced representation theory, leading to (2.19). Physical interpretation We started from the Lagrangian density (3.1), whose classical eld ( for xed ), de ned on Q R, at any xed time is taken to be a (locally trivialized) section of the bundle E ; recall that in the quantum theory of a particle moving on Q, the states in the sector are realized as sections of E as well. In the absence of an external gauge eld A , the di eomorphisms generated by the Killing vector elds K a on Q lead to conserved Noether charges Q id a = i R dq K a , which we recognize
Classical eld theory
, that is, the expectation value of T a in the state in the trivially induced representation of G.
In a general static backgroud gauge eld A on Q no conserved charges of the classical eld theory will exist, but in the presence of a symmetric eld A = A a modi ed charge can still be de ned. As our computation shows, the modi ed charge is given by (3.4) with (2.19), which classically is the integral over a charge density corresponding to a particular eld con guration , and quantum-mechanically is the expectation value in the state of the generator T a , evaluated in the non-trivially induced representation d corresponding to the sector .
In particular, the peculiar second term in (2.19) has thus been accounted for: it is the generalization of the well-known Poincar e term in the angular momentum of a charged particle moving in the eld of a magnetc monopole. As explained by Jackiw and Manton 13], this term can be thought of as the contribution to the charge generated by a small disturbance of the gauge eld, caused by the particle moving in its eld.
To conclude this subsection, we show how the Poincar e is indeed a special case of the second term in (2.19) . Since the radial co-ordinate is irrelevant here, we look at a charged particle moving on S 2 = SO(3)=SO (2) . As explained in 21, 22] , representations n of G = SO(3) which are induced by non-trivial representations n of H = SO(2) (de ned by n ( ) = exp(in )), correspond to the particle moving in a magnetic monopole eld of quantized charge eg = n. This is because the canonical connection A H on SO (3) . This is exactly the Poincar e-term.
Classical particle mechanics
The phase space of a particle in a Yang-Mills eld Rather than looking at classical eld theory, we now try to understand the extra term in (2.19) by nding its classical analogue at the level of particle mechanics. To do so, we use the formalism developed in 29, 34, 10] , of which we now brie y review some aspects.
The starting point is a principal bre bundle P with gauge group H over a con guration space Q (not necessarily homogeneous). The classical analogue of a unitary representation (H) is a co-adjoint orbit O h . We say that the classical particle has charge O. The space T P O has a right H-action h , given by the lift of R h of H on P to T P times the co-adjoint action of H on O. We Finally, the symplectic form on the reduced space is ! = dq dp +! K ; note the sign Interpreting f Y as the phase-space representative of the derivative in the direction of Y , we see that its pull-back to P O is the covariant derivative in the gauge eldÃ. This conclusion evidently holds in the globally non-trivial case as well, as we can reproduce this result in local trivializations.
Application to homogeneous spaces
We now go back to our pet situation Q = G=H, and take P to be the bundle G(Q; H; G) already used in subsection 2.1. Then T P = T G ' G g under the left-trivialization, and we denote p a a (x) 2 T x G by (x; p) (here a are canonical left-invariant 1-forms on G). When convenient, we use a separate notation i p i
for the co-ordinates on h , and p for those on m . As in the example above, we use co-ordinates i on O. The canonical 1-form on T G is (x; p) = p a a (x) (in which the p a are regarded as functions on g , and the a are elements of the T G?factor in T (T G) ' T G T g ), and the Maurer-Cartan equations provide the symplectic form on T G O (x; p; ) = ?dp a
The H-action on T G O is given by h (x; p; ) = (xh; co (h ?1 )p; co (h ?1 ) ); (3.26) which is a well-de ned function on the quotient space, cf. The picture that emerges is that the algebra of quantum observables A = C (G; Q) has inequivalent representations , which have a geometric realization in terms of the canonical connection A H on G (evaluated in various representations d (h)), and that, in a very similar way, the Poisson algebra generated by C 1 (Q) and the functions J 0 a , has inequivalent representations as Poisson algebras on the various symplectic manifolds G O . Surprisingly enough, these representations can be described by means of the connection A H as well. We may, therefore, speak of inequivalent quantizations as well as of inequivalent`classicalizations': the former refer to representations as concretely given C -algebras on Hilbert spaces, and the latter refer to representations as Poisson algebras on symplectic manifolds. The underlying algebraic structure that is being represented here in two di erent categories is, loosely speaking, a crossed product of G and C 1 (Q).
Part of this structure was independently uncovered by Koch 18] , motivated di erently (this work became available to us only while writing up this paper). While not discussing the role played by the gauge eld, his work essentially contains the correspondences 1,3,4, and 5 above, as well as the crucial idea that the symplectic leaves G O of (T G)=H carry representations of the Poisson algebra mentioned above. Also, ref. 18] contains a more detailed discussion of the classical analogue of the crossed product C (G; Q).
Representations of the enveloping algebra We are going to discuss how to pass from a representation of a Lie group to a representation of its enveloping algebra. The latter will be represented by unbounded operators, and we have to discuss the domain and possible self-adjointness properties of these operators. References for the part of this Appendix preceding and following the theorems are Warner 33] and Jorgensen 14] . Theorems 1 and 2 follow directly from Thomas 31] . for convenience we assume that G is unimodular, so that dx is a left-and right- X( ) is a liated to (G) 00 a.e., and it follows from the factorization of the U( ) that X( ) = X 1 n for some X . Since X( ) is closed, its domain must be of the form D(X ) S, with D(X ) H such that X on this domain is a closed operator on H , and S a closed subspace of H n . But D(d (X)) is dense in H, so that D(X ) must be dense in H and S = H n . Lemma 3 The operators X in (A.8) are equal to d (X), the closure of d (X) (de ned on the G arding domain H G in H ).
Proof. We divide the proof into 4 parts. We omit the quali cation ' ?a.e.' in various appropriate places. Applied to induced representations ( = ), and using theorem 1, theorem 3 can be used to prove essential self-adjointness of many operators d (X) on the domain ? c of compactly supported sections of the vector bundle E . The conditions can often be checked, since by Frobenius reciprocity 33] 
